WHAT IS A REMOVABLE DISCONTINUITY IN CALCULUS

WHAT IS A REMOVABLE DISCONTINUITY IN CALCULUS IS A FUNDAMENTAL CONCEPT IN MATHEMATICAL ANALYSIS, PARTICULARLY
IN THE STUDY OF FUNCTIONS AND THEIR BEHAVIORS. A REMOVABLE DISCONTINUITY OCCURS WHEN A FUNCTION IS NOT DEFINED
AT A CERTAIN POINT, YET CAN BE MADE CONTINUOUS BY APPROPRIATELY DEFINING OR REDEFINING THE FUNCTION AT THAT POINT.
THIS ARTICLE DELVES INTO THE NATURE OF REMOVABLE DISCONTINUITIES, HOW TO IDENTIFY THEM, AND THEIR SIGNIFICANCE IN
CALCULUS. WE WILL EXPLORE EXAMPLES, METHODS FOR SOLVING PROBLEMS INVOLVING DISCONTINUITIES, AND THEIR
IMPLICATIONS IN VARIOUS MATHEMATICAL CONTEXTS. UNDERSTANDING REMOV ABLE DISCONTINUITIES IS CRUCIAL FOR STUDENTS
AND PROFESSIONALS ALIKE, AS IT LAYS THE GROUNDWORK FOR FURTHER STUDIES IN CALCULUS, LIMITS, AND CONTINUITY.
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UNDERSTANDING REMOVABLE DISCONTINUITIES

REMOV ABLE DISCONTINUITIES OCCUR IN A FUNCTION WHEN THERE IS A POINT AT WHICH THE FUNCTION IS NOT DEFINED OR DOES
NOT HAVE A LIMIT, YET THE OVERALL BEHAVIOR OF THE FUNCTION SUGGESTS THAT IT SHOULD BE CONTINUOUS. THIS TYPE OF
DISCONTINUITY IS OFTEN CHARACTERIZED BY A “HOLE” IN THE GRAPH OF THE FUNCTION. TO BETTER UNDERSTAND THIS CONCEPT,
IT IS ESSENTIAL TO CONSIDER THE DEFINITION OF CONTINUITY IN CALCULUS.

A FUNcTION \(F(x) \) I1s saID To BE conTINUOUS AT A POINT \( C \) IF THE FOLLOWING CONDITIONS ARE MET:

o THe FuncTioN \( F(c) \) IS DEFINED.
o THe LMIT of \( F(x) \) as \( x \) approacHes \( ¢ \) exisTs.

o THe LMIT of \( F(x) \) as \( x \) approacHes \( ¢ \) 1s equaL To \(F(c) \).

W/HEN ONE OF THESE CONDITIONS IS NOT SATISFIED DUE TO A REMOV ABLE DISCONTINUITY, IT INDICATES THAT WHILE THE
FUNCTION DOES NOT POSSESS A VALUE AT THAT SPECIFIC POINT, IT CAN BE REDEFINED TO CREATE A CONTINUOUS FUNCTION.
THIS FLEXIBILITY TO “REMOVE” THE DISCONTINUITY BY REDEFINING THE FUNCTION AT THE POINT IN QUESTION IS WHAT MAKES IT
" "

REMOV ABLE.

IDENTIFYING REMOVABLE DISCONTINUITIES

IDENTIFYING REMOVABLE DISCONTINUITIES INVOLVES ANALYZING THE FUNCTION TO DETERMINE WHERE IT FAILS TO BE
CONTINUOUS. THIS PROCESS OFTEN INCLUDES EXAMINING LIMITS AND FUNCTION DEFINITIONS. HERE ARE THE KEY STEPS TO
IDENTIFY REMOV ABLE DISCONTINUITIES EFFECTIVELY:



STeP 1: FIND POINTS OF DISCONTINUITY

THE FIRST STEP IS TO DETERMINE WHERE THE FUNCTION IS NOT DEFINED OR WHERE IT EXHIBITS DISCONTINUITY. THIS CAN
INVOLVE CHECKING FOR UNDEFINED VALUES, SUCH AS DIVISION BY ZERO, OR POINTS WHERE THE FUNCTION DOES NOT APPROACH
A LIMIT.

STeP 2: ANALYZE THE LIMITS

NEXT, COMPUTE THE LIMIT OF THE FUNCTION AS IT APPROACHES THE POINT OF INTEREST FROM BOTH THE LEFT AND THE RIGHT. IF
BOTH LIMITS EXIST AND ARE EQUAL, BUT THE FUNCTION VALUE AT THAT POINT IS NOT EQUAL TO THE LIMIT, THEN A
REMOV ABLE DISCONTINUITY IS PRESENT.

STEP 3: CHECK FOR REDEFINITION

LASTLY, VERIFY IF REDEFINING THE FUNCTION AT THAT POINT CAN MAKE IT CONTINUOUS. IF YOU CAN ASSIGN A VALUE TO THE
FUNCTION AT THE DISCONTINUITY THAT MATCHES THE LIMIT, THE DISCONTINUITY IS CONSIDERED REMOV ABLE.

ExAMPLES OF REMOVABLE DISCONTINUITIES

TO ILLUSTRATE REMOVABLE DISCONTINUITIES, CONSIDER THE FOLLOWING FUNCTION:

LET \( F(x) = \rrAc{x"2 - 13}{x - 1} \). THIS FUNCTION CAN BE SIMPLIFIED:

W/E CAN FACTOR THE NUMERATOR:

\CF(x) = \FrAC{(x - 1D)(x + DHx - 13\) For \( x \neq 1 \).

Here, WE CAN SEE THAT AT \( x = 1\), THE FUNCTION IS NOT DEFINED (DIVISION BY ZERO), BUT AS \( x \) APPrOACHES 1, \(
F(x) \) APPROACHES 2. THUS, THERE IS A REMOVABLE DISCONTINUITY AT \( x = 1\). IF we reperine \( F(1) =2 \), THE
FUNCTION BECOMES CONTINUOUS.

How To SoLVE PROBLEMS INVOLVING REMOVABLE DISCONTINUITIES

SOLVING CALCULUS PROBLEMS THAT INVOLVE REMOVABLE DISCONTINUITIES TYPICALLY REQUIRES A SYSTEMATIC APPROACH.
HERE ARE THE STEPS TO TACKLE SUCH PROBLEMS:

STEP 1: IDENTIFY THE DISCONTINUITY

AS PREVIOUSLY DISCUSSED, FIND THE POINTS WHERE THE FUNCTION IS UNDEFINED OR HAS A LIMIT THAT DOES NOT MATCH THE
FUNCTION VALUE.



STeEP 2: SIMPLIFY THE FUNCTION

IF POSSIBLE, SIMPLIFY THE FUNCTION TO REMOVE FACTORS THAT LEAD TO THE DISCONTINUITY. THIS OFTEN MAKES IT EASIER TO
CALCULATE LIMITS AND DETERMINE CONTINUITY.

STEP 3: CALCULATE LIMITS

DETERMINE THE LIMIT OF THE FUNCTION AS IT APPROACHES THE POINT OF DISCONTINUITY FROM BOTH SIDES. IF THE LIMIT EXISTS
AND CAN BE MATCHED WITH A VALUE, THE DISCONTINUITY CAN BE REMOVED.

STEP 4: REDEFINE THE FUNCTION

IF APPLICABLE, REDEFINE THE FUNCTION AT THE POINT OF DISCONTINUITY TO MAKE IT CONTINUOUS. THIS OFTEN INVOLVES
ASSIGNING A VALUE EQUAL TO THE LIMIT CALCULATED IN THE PREVIOUS STEP.

IMPORTANCE OF REMOVABLE DISCONTINUITIES IN CALCULUS

UNDERST ANDING REMOV ABLE DISCONTINUITIES IS CRUCIAL FOR SEVERAL REASONS:

® FOUNDATION FOR LIMITS: THEY PROVIDE INSIGHT INTO THE BEHAVIOR OF FUNCTIONS NEAR POINTS OF INTEREST, WHICH
IS FUNDAMENTAL FOR UNDERSTANDING LIMITS.

o CONTINUITY ANALYSIS: IDENTIFYING THESE DISCONTINUITIES HELPS IN THE STUDY OF CONTINUOUS FUNCTIONS AND THEIR
PROPERTIES.

* APPLICATION IN REAL-W/ORLD PROBLEMS: MANY MATHEMATICAL MODELS IN PHYSICS, ENGINEERING, AND ECONOMICS
RELY ON FUNCTIONS THAT MAY HAVE REMOVABLE DISCONTINUITIES.

o PREPARATION FOR ADVANCED TOPICS: A SOLID GRASP OF REMOVABLE DISCONTINUITIES PREPARES STUDENTS FOR MORE
COMPLEX TOPICS IN CALCULUS, SUCH AS THE INTERMEDIATE VALUE THEOREM AND THE FUNDAMENTAL THEOREM OF
CALCULUS.

REMOV ABLE DISCONTINUITIES SERVE AS A CRITICAL CONCEPT IN CALCULUS, BRIDGING THE UNDERSTANDING OF LIMITS,
CONTINUITY, AND FUNCTION BEHAVIOR. MASTERY OF THIS TOPIC NOT ONLY AIDS IN ACADEMIC SUCCESS BUT ALSO ENHANCES
PROBLEM~SOLVING SKILLS IN VARIOUS MATHEMATICAL APPLICATIONS.

Q: WHAT IS A REMOVABLE DISCONTINUITY IN CALCULUS?

A: A REMOVABLE DISCONTINUITY IS A POINT AT WHICH A FUNCTION IS NOT DEFINED OR DOES NOT MATCH THE LIMIT AS IT
APPROACHES THAT POINT, YET CAN BE MADE CONTINUOUS BY REDEFINING THE FUNCTION AT THAT POINT.

Q: How CAN | IDENTIFY REMOVABLE DISCONTINUITIES IN A FUNCTION?

A: To IDENTIFY REMOVABLE DISCONTINUITIES, CHECK FOR POINTS WHERE THE FUNCTION IS UNDEFINED, ANALYZE THE LIMITS FROM
BOTH SIDES, AND SEE IF REDEFINING THE FUNCTION AT THAT POINT CAN CREATE CONTINUITY.



QI CAN YOU GIVE AN EXAMPLE OF A FUNCTION WITH A REMOVABLE DISCONTINUITY?

A: Yes, consiper THE FUNCTION \( F(x) = \rRAC{x"2 - 1H{x - 1} \). AT \(x = 1), THE FUNCTION IS UNDEFINED, BUT
SIMPLIFYING SHOWS THE LIMIT APPROACHES 2. ReDEFINING \( F(1) = 2 \) REMOVES THE DISCONTINUITY.

Q: \WHY ARE REMOVABLE DISCONTINUITIES IMPORTANT IN CALCULUS?

A: THEY ARE IMPORTANT BECAUSE THEY HELP IN UNDERSTANDING LIMITS AND CONTINUITY, WHICH ARE FOUNDATIONAL
CONCEPTS IN CALCULUS, AND ARE APPLICABLE IN REAL-\WORLD MATHEMATICAL MODELING.

Q: HOW DO REMOVABLE DISCONTINUITIES DIFFER FROM OTHER TYPES OF
DISCONTINUITIES?

A: REMOV ABLE DISCONTINUITIES CAN BE “FIXED” BY REDEFINING THE FUNCTION AT THE DISCONTINUOUS POINT, WHILE OTHER
TYPES, SUCH AS JUMP OR INFINITE DISCONTINUITIES, CANNOT BE RESOLVED IN THE SAME WAY.

QI \WHAT ROLE DO LIMITS PLAY IN REMOVABLE DISCONTINUITIES?

A: LIMITS HELP DETERMINE WHETHER A REMOVABLE DISCONTINUITY EXISTS BY SHOWING IF THE FUNCTION APPROACHES A
PARTICULAR VALUE AS IT NEARS THE POINT OF DISCONTINUITY FROM EITHER SIDE.

QZ ARE REMOVABLE DISCONTINUITIES COMMON IN CALCULUS PROBLEMS?

A: YES, THEY ARE COMMONLY ENCOUNTERED IN CALCULUS PROBLEMS, ESPECIALLY IN RATIONAL FUNCTIONS OR PIECEWISE™
DEFINED FUNCTIONS, MAKING THEM ESSENTIAL FOR STUDENTS TO UNDERSTAND.

QZ How CAN | PRACTICE IDENTIFYING REMOVABLE DISCONTINUITIES?

A: PRACTICING THROUGH EXERCISES INVOLVING RATIONAL FUNCTIONS, LIMITS, AND CONTINUITY CONCEPTS WILL HELP IN
IDENTIFYING AND RESOLVING REMOVABLE DISCONTINUITIES EFFECTIVELY.

QI WHAT IS THE GRAPHICAL REPRESENTATION OF A REMOVABLE DISCONTINUITY?

A: THE GRAPHICAL REPRESENTATION OF A REMOVABLE DISCONTINUITY TYPICALLY APPEARS AS A HOLE IN THE GRAPH OF THE
FUNCTION, INDICATING THAT THE FUNCTION IS UNDEFINED AT THAT POINT BUT APPROACHES A SPECIFIC VALUE.
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