finite element exterior calculus

finite element exterior calculus is a powerful mathematical framework that
has gained significant attention in the fields of numerical analysis and
computational mathematics. It provides essential tools for formulating and
analyzing finite element methods, particularly in the context of differential
equations defined on manifolds. This article will delve into the core
concepts of finite element exterior calculus, its mathematical foundations,
applications in engineering and physics, and the advantages it offers over
traditional finite element methods. Furthermore, we will explore the
interplay between exterior calculus and numerical methods, highlighting its
importance in modern computational techniques.

This comprehensive exploration will also include a discussion on the
geometric insights provided by exterior calculus, the role of differential
forms, and practical implementation aspects. By the end of this article,
readers will have a solid understanding of finite element exterior calculus
and its impact on numerical simulations.
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Introduction to Finite Element Exterior
Calculus

Finite element exterior calculus is a mathematical framework that bridges the
gap between differential geometry and numerical analysis. It utilizes the
concepts of differential forms and exterior derivatives to create a robust
environment for finite element methods. This approach enhances the accuracy
and stability of numerical solutions to partial differential equations,
particularly in complex geometries.



The key feature of finite element exterior calculus is its ability to
naturally incorporate the geometric properties of the underlying space into
the numerical methods. By leveraging the properties of differential forms, it
ensures that the numerical methods respect the underlying physical laws, such
as conservation laws and the properties of vector fields. This section will
provide an overview of the main concepts and set the stage for deeper
exploration in subsequent sections.

Mathematical Foundations

Understanding the mathematical foundations of finite element exterior
calculus is crucial for its application in numerical methods. This section
will cover the essential concepts, including differential forms, exterior
derivatives, and the Hodge star operator.

Differential Forms

Differential forms are mathematical objects that generalize functions and
vector fields. They can be integrated over manifolds, making them
indispensable in calculus on manifolds. The primary types of differential
forms include:

e O-forms: These are simply functions.

e 1-forms: These can be thought of as linear functionals acting on
vectors.

e 2-forms: These can be integrated over surfaces and are essential in
higher-dimensional calculus.

Differential forms allow for a coordinate-free approach to calculus, which is
particularly useful in finite element methods where the geometry can be
complex.

Exterior Derivatives

The exterior derivative is a key operation in exterior calculus that
generalizes the concepts of differentiation. It allows for the computation of
differential forms in a way that respects their algebraic structure. The
exterior derivative of a k-form produces a (k+1)-form, preserving the anti-
symmetry properties that are crucial in many physical applications.



The Hodge Star Operator

The Hodge star operator is another fundamental component of finite element
exterior calculus. It provides a way to relate k-forms to (n-k)-forms in an
n-dimensional space. This operator is essential for defining dual spaces and
is utilized in the formulation of finite element methods that respect the
geometric structure.

Applications of Finite Element Exterior
Calculus

Finite element exterior calculus has a wide range of applications across
various fields. Its ability to handle complex geometries and preserve
important physical properties makes it particularly valuable in the following
domains:

Fluid Dynamics

In fluid dynamics, the conservation of mass, momentum, and energy 1is
paramount. Finite element exterior calculus provides a framework to model
these conservation laws accurately. The use of differential forms allows for
the formulation of the Navier-Stokes equations in a way that respects the
underlying geometry of the fluid domain.

Electromagnetism

The mathematical formulation of electromagnetic fields can be elegantly
expressed using differential forms. Finite element exterior calculus
facilitates the numerical simulation of Maxwell's equations, ensuring that
the solution adheres to the physical laws governing electromagnetic fields.

Structural Mechanics

In structural mechanics, finite element exterior calculus can be employed to
analyze the behavior of materials under various loading conditions. By
incorporating the geometric properties of structures, it enhances the
accuracy of stress and strain predictions.



Advantages over Traditional Finite Element
Methods

Finite element exterior calculus offers several advantages over traditional
finite element methods, particularly in terms of accuracy, stability, and
geometric flexibility.

Conservation Properties

One of the most significant benefits of finite element exterior calculus is
its inherent ability to conserve physical quantities. By formulating
numerical methods that respect conservation laws, it minimizes numerical
artifacts and enhances the reliability of simulations.

Robustness in Complex Geometries

Traditional finite element methods can struggle with complex geometries,
often requiring extensive mesh refinement and manual adjustments. In
contrast, finite element exterior calculus naturally adapts to intricate
geometrical configurations, providing robust solutions without excessive
computational overhead.

Improved Error Estimates

The mathematical structure of finite element exterior calculus allows for
more accurate error estimates. This leads to better convergence properties
and enhanced reliability in numerical simulations, particularly in higher-
dimensional spaces.

Geometric Insights and Differential Forms

The geometric insights provided by finite element exterior calculus are
profound. By utilizing differential forms, it allows for a deeper
understanding of the relationships between various physical quantities.

Topological Considerations

Finite element exterior calculus takes into account the topology of the
underlying space, ensuring that numerical methods respect the topological
features of the domain. This is crucial in applications where the topology



plays a significant role, such as in the study of fluid flows or
electromagnetic fields.

Interactions between Fields

The framework allows for the exploration of interactions between different
fields. For instance, in coupled fluid-structure interactions, finite element
exterior calculus can be employed to model the interactions between fluid
flow and structural deformation seamlessly.

Implementation and Computational Aspects

Implementing finite element exterior calculus in computational frameworks
requires a solid understanding of both numerical methods and the underlying
mathematical principles.

Software Tools

Several software tools and libraries have been developed to facilitate the
implementation of finite element exterior calculus. These tools often provide
user-friendly interfaces and robust numerical algorithms, enabling
researchers and engineers to apply the methods effectively.

Challenges in Implementation

Despite its advantages, implementing finite element exterior calculus can be
challenging. Issues related to mesh generation, numerical stability, and
computational efficiency must be addressed to achieve successful outcomes.

Future Directions

The field of finite element exterior calculus is continually evolving.
Ongoing research aims to enhance its applicability across various domains and
improve computational techniques. Future developments may include:

e Integration with machine learning techniques for adaptive meshing.

e Exploration of higher-dimensional applications beyond traditional
settings.



e Development of more efficient solvers for large-scale problems.

The future of finite element exterior calculus holds great promise, and its
integration into mainstream computational methods is likely to expand its
impact in numerous scientific and engineering disciplines.

Frequently Asked Questions

Q: What is finite element exterior calculus?

A: Finite element exterior calculus is a mathematical framework that combines
finite element methods with differential geometry concepts, particularly
using differential forms and exterior derivatives, to solve partial
differential equations on complex geometries.

Q: How does finite element exterior calculus improve
numerical simulations?

A: It improves numerical simulations by ensuring that the methods respect
conservation laws, providing better stability, accuracy, and convergence
properties, particularly in complex geometrical configurations.

Q: What are differential forms, and why are they
important in this context?

A: Differential forms are mathematical constructs that generalize functions
and vector fields, allowing for integration over manifolds. They are crucial
in finite element exterior calculus for formulating numerical methods in a
coordinate-free manner.

Q: In which fields is finite element exterior
calculus applied?

A: It is applied in various fields, including fluid dynamics,
electromagnetism, and structural mechanics, where accurate modeling of
complex physical phenomena is required.

Q: What are the challenges of implementing finite



element exterior calculus?

A: Challenges include mesh generation, ensuring numerical stability, and
achieving computational efficiency, particularly in large-scale or high-
dimensional problems.

Q: How does it compare to traditional finite element
methods?

A: It offers advantages such as better conservation properties, robustness in
complex geometries, and improved error estimates, making it a superior choice
in many applications.

Q: What role does the Hodge star operator play in
finite element exterior calculus?

A: The Hodge star operator relates k-forms to (n-k)-forms in a manifold,
facilitating dual space definitions and enhancing the formulation of finite
element methods.

Q: What future developments can be expected in this
area?

A: Future developments may include the integration of machine learning for
adaptive meshing, exploration of higher-dimensional applications, and more
efficient solvers for complex problems.

Q: Is finite element exterior calculus relevant in
computational fluid dynamics?

A: Yes, it is highly relevant as it provides a framework for accurately
modeling fluid dynamics scenarios, ensuring adherence to conservation laws
and geometrical properties.
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2018-12-12 Computational methods to approximate the solution of differential equations play a
crucial role in science, engineering, mathematics, and technology. The key processes that govern
the physical world?wave propagation, thermodynamics, fluid flow, solid deformation, electricity and
magnetism, quantum mechanics, general relativity, and many more?are described by differential
equations. We depend on numerical methods for the ability to simulate, explore, predict, and control
systems involving these processes. The finite element exterior calculus, or FEEC, is a powerful new
theoretical approach to the design and understanding of numerical methods to solve partial
differential equations (PDEs). The methods derived with FEEC preserve crucial geometric and
topological structures underlying the equations and are among the most successful examples of
structure-preserving methods in numerical PDEs. This volume aims to help numerical analysts
master the fundamentals of FEEC, including the geometrical and functional analysis preliminaries,
quickly and in one place. It is also accessible to mathematicians and students of mathematics from
areas other than numerical analysis who are interested in understanding how techniques from
geometry and topology play a role in numerical PDEs.
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magnetism, quantum mechanics, general relativity, and many more?are described by differential
equations. We depend on numerical methods for the ability to simulate, explore, predict, and control
systems involving these processes. The finite element exterior calculus, or FEEC, is a powerful new
theoretical approach to the design and understanding of numerical methods to solve partial
differential equations (PDEs). The methods derived with FEEC preserve crucial geometric and
topological structures underlying the equations and are among the most successful examples of
structure-preserving methods in numerical PDEs. This volume aims to help numerical analysts
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finite element exterior calculus: Finite Element Exterior Calculus with Applications to
the Numerical Solution of the Green-Naghdi Equations Adam Morgan, 2018 The study of finite
element methods for the numerical solution of differential equations is one of the gems of modern
mathematics, boasting rigorous analytical foundations as well as unambiguously useful scientific
applications. Over the past twenty years, several researchers in scientific computing have realized
that concepts from homological algebra and differential topology play a vital role in the theory of
finite element methods. Finite element exterior calculus is a theoretical framework created to clarify
some of the relationships between finite elements, algebra, geometry, and topology. The goal of this
thesis is to provide an introduction to the theory of finite element exterior calculus, and to illustrate
some applications of this theory to the design of mixed finite element methods for problems in
geophysical fluid dynamics. The presentation is divided into two parts. Part 1 is intended to serve as
a self-contained introduction to finite element exterior calculus, with particular emphasis on its
topological aspects. Starting from the basics of calculus on manifolds, I go on to describe Sobolev
spaces of differential forms and the general theory of Hilbert complexes. Then, I explain how the
notion of cohomology connects Hilbert complexes to topology. From there, I discuss the construction
of finite element spaces and the proof that special choices of finite element spaces can be used to
ensure that the cohomological properties of a particular problem are preserved during
discretization. In Part 2, finite element exterior calculus is applied to derive mixed finite element
methods for the Green-Naghdi equations (GN). The GN extend the more well-known shallow water
equations to the regime of non-infinitesimal aspect ratio, thus allowing for some non-hydrostatic
effects. I prove that, using the mixed formulation of the linearized GN, approximations of balanced
flows remain steady. Additionally, one of the finite element methods presented for the fully nonlinear



GN provably conserves mass, vorticity, and energy at the semi-discrete level. Several computational
test cases are presented to assess the practical performance of the numerical methods, including a
collision between solitary waves, the motion of solitary waves over variable bottom topography, and
the breakdown of an unstable balanced state.

finite element exterior calculus: Adaptive Methods in the Finite Element Exterior Calculus
Framework Adam Mihalik, 2014 In this thesis we explore convergence theory for adaptive mixed
finite element methods. In particular, we introduce an a posteriori error-indicator, and prove
convergence and optimality results for the mixed formulation of the Hodge Laplacian posed on
domains of arbitrary dimensionality and topology in R/n. After developing this framework, we
introduce a new algorithm and extend our theory and results to problems posed on Euclidean
hypersurfaces. We begin by introducing the finite element exterior calculus framework, which is the
key tool allowing us to address the convergence proofs in such generality. This introduction focuses
on the fundamentals of the well-developed a priori theory and the results needed to extend the core
of this theory to problems posed on surfaces. A basic set of results needed to develop adaptivity in
this framework is also established. We then introduce an adaptive algorithm, and show convergence
using this infrastructure as a tool to generalize existing finite element theory. The algorithm is then
shown to be computationally optimal through a series of complexity analysis arguments. Finally, a
second algorithm is introduced for problems posed on surfaces, and our original convergence and
optimality results are extended using properties of specific geometric maps between surfaces

finite element exterior calculus: Fast Solvers for Numerical Schemes Based On Finite
Element Exterior Calculus Lin Zhong, 2015 Finite element exterior calculus (FEEC) is a framework
to design and understand finite element discretizations for a wide variety of systems of partial
differential equations. The applications are already made to the Hodge Laplacian, Maxwell's
equations, the equations of elasticity, elliptic eigenvalue problems and etc.. In this thesis, we
propose fast solvers for several numerical schemes based on the discretization of this approach and
present theoretical analysis. Specifically, in the first part, we propose efficient block diagonal and
block triangular preconditioners for solving the discretized linear system of the vector Laplacian by
mixed finite element methods. A variable V-cycle multigrid method with the standard point-wise
Gauss-Seidel smoother is proved to be a good preconditioner for the Schur complement. The major
benefit of our approach is that the point-wise Gauss-Seidel smoother is more algebraic and can be
easily implemented as a 'black-box' smoother. The multigrid solver for the Schur complement will be
further used to build preconditioners for the original saddle point systems. In the second part, we
propose a discretization method for the Darcy-Stokes equations under the framework of FEEC. The
discretization is shown to be uniform with respect to the perturbation parameter. A preconditioner
for the discrete system is also proposed and shown to be efficient. In the last part, we focus on the
stochastic Stokes equations. The stochastic saddle-point linear systems are obtained by using finite
element discretization under the framework of FEEC in physical space and generalized polynomial
chaos expansion in random space. We prove the existence and uniqueness of the solutions to the
continuous problem and its corresponding stochastic Galerkin discretization. Optimal error
estimates are also derived. We construct block-diagonal/triangular preconditioners for use with the
generalized minimum residual method and the bi-conjugate gradient stabilized method. An optimal
multigrid solver is applied to efficiently solve the diagonal blocks that correspond to deterministic
discrete Stokes systems. To demonstrate the efficiency and robustness of the discretization methods
and proposed preconditioners, various numerical examples also are provided.

finite element exterior calculus: Mathematical Foundations of Finite Elements and Iterative
Solvers Paolo Gatto, 2022-06-27 “This book combines an updated look, at an advanced level, of the
mathematical theory of the finite element method (including some important recent developments),
and a presentation of many of the standard iterative methods for the numerical solution of the linear
system of equations that results from finite element discretization, including saddle point problems
arising from mixed finite element approximation. For the reader with some prior background in the
subject, this text clarifies the importance of the essential ideas and provides a deeper understanding



of how the basic concepts fit together.” — Richard S. Falk, Rutgers University “Students of applied
mathematics, engineering, and science will welcome this insightful and carefully crafted
introduction to the mathematics of finite elements and to algorithms for iterative solvers. Concise,
descriptive, and entertaining, the text covers all of the key mathematical ideas and concepts dealing
with finite element approximations of problems in mechanics and physics governed by partial
differential equations while interweaving basic concepts on Sobolev spaces and basic theorems of
functional analysis presented in an effective tutorial style.” — J. Tinsley Oden, The University of
Texas at Austin This textbook describes the mathematical principles of the finite element method, a
technique that turns a (linear) partial differential equation into a discrete linear system, often
amenable to fast linear algebra. Reflecting the author’s decade of experience in the field,
Mathematical Foundations of Finite Elements and Iterative Solvers examines the crucial interplay
between analysis, discretization, and computations in modern numerical analysis; furthermore, it
recounts historical developments leading to current state-of-the-art techniques. While self-contained,
this textbook provides a clear and in-depth discussion of several topics, including elliptic problems,
continuous Galerkin methods, iterative solvers, advection-diffusion problems, and saddle point
problems. Accessible to readers with a beginning background in functional analysis and linear
algebra, this text can be used in graduate-level courses on advanced numerical analysis, data
science, numerical optimization, and approximation theory. Professionals in numerical analysis and
finite element methods will also find the book of interest.

finite element exterior calculus: Acta Numerica 2010: Volume 19 Arieh Iserles,
2010-05-27 A high-impact, prestigious, annual publication containing invited surveys by subject
leaders: essential reading for all practitioners and researchers.

finite element exterior calculus: Mixed Finite Element Methods and Applications Daniele
Boffi, Franco Brezzi, Michel Fortin, 2013-07-02 Non-standard finite element methods, in particular
mixed methods, are central to many applications. In this text the authors, Boffi, Brezzi and Fortin
present a general framework, starting with a finite dimensional presentation, then moving on to
formulation in Hilbert spaces and finally considering approximations, including stabilized methods
and eigenvalue problems. This book also provides an introduction to standard finite element
approximations, followed by the construction of elements for the approximation of mixed
formulations in H(div) and H(curl). The general theory is applied to some classical examples:
Dirichlet's problem, Stokes' problem, plate problems, elasticity and electromagnetism.

finite element exterior calculus: Automated Solution of Differential Equations by the Finite
Element Method Anders Logg, Kent-Andre Mardal, Garth Wells, 2012-02-24 This book is a tutorial
written by researchers and developers behind the FEniCS Project and explores an advanced,
expressive approach to the development of mathematical software. The presentation spans
mathematical background, software design and the use of FEniCS in applications. Theoretical
aspects are complemented with computer code which is available as free/open source software. The
book begins with a special introductory tutorial for beginners. Following are chapters in Part I
addressing fundamental aspects of the approach to automating the creation of finite element solvers.
Chapters in Part I address the design and implementation of the FEnicS software. Chapters in Part
IIT present the application of FEniCS to a wide range of applications, including fluid flow, solid
mechanics, electromagnetics and geophysics.

finite element exterior calculus: Acta Numerica 2006: Volume 15 Arieh Iserles, 2006-08-03 A
high-impact factor, prestigious annual publication containing invited surveys by subject leaders:
essential reading for all practitioners and researchers.

finite element exterior calculus: Numerical Mathematics and Advanced Applications
ENUMATH 2023, Volume 2 Adélia Sequeira, Ana Silvestre, Svilen S. Valtchev, Jodao Janela,
2025-04-27 This book gathers outstanding papers presented at the European Conference on
Numerical Mathematics and Advanced Applications, ENUMATH 2023. The conference was held in
Lisbon, Portugal, in September 2023. Leading experts in the field presented the latest results and
ideas regarding the design, implementation and analysis of numerical algorithms, as well as their




applications to relevant societal problems. ENUMATH is a series of conferences held every two
years to provide a forum for discussing basic aspects and new trends in numerical mathematics and
its scientific and industrial applications, all examined at the highest level of international expertise.
The first ENUMATH was held in Paris in 1995, with successive installments at various sites across
Europe, including Heidelberg (1997), Jyvaskyla (1999), Ischia Porto (2001), Prague (2003), Santiago
de Compostela (2005), Graz (2007), Uppsala (2009), Leicester (2011), Lausanne (2013), Ankara
(2015), Bergen (2017), and Egmond aan Zee (2019).

finite element exterior calculus: Foundations of Computational Mathematics, Budapest 2011
Society for the Foundation of Computational Mathematics, 2013 A diverse collection of articles by
leading experts in computational mathematics, written to appeal to established researchers and
non-experts.

finite element exterior calculus: Computational Electromagnetism Houssem Haddar, Ralf
Hiptmair, Peter Monk, Rodolfo Rodriguez, 2015-07-20 Presenting topics that have not previously
been contained in a single volume, this book offers an up-to-date review of computational methods in
electromagnetism, with a focus on recent results in the numerical simulation of real-life
electromagnetic problems and on theoretical results that are useful in devising and analyzing
approximation algorithms. Based on four courses delivered in Cetraro in June 2014, the material
covered includes the spatial discretization of Maxwell’s equations in a bounded domain, the
numerical approximation of the eddy current model in harmonic regime, the time domain integral
equation method (with an emphasis on the electric-field integral equation) and an overview of
qualitative methods for inverse electromagnetic scattering problems. Assuming some knowledge of
the variational formulation of PDEs and of finite element/boundary element methods, the book is
suitable for PhD students and researchers interested in numerical approximation of partial
differential equations and scientific computing.

finite element exterior calculus: Computation and Visualization of Geometric Partial
Differential Equations Christopher Tiee, 2015-08-09 This is an extended version of my PhD thesis
which extends the theory of finite element exterior calculus (FEEC) to parabolic evolution equations.
In the extended version, I explore some more precise visualizations of the defined quantities, as well
as explain how the modern theory of functional analysis applies. In the main part, I extend the
theory of approximating evolution equations in Euclidean space (using FEEC) to hypersurfaces. After
these main results, I describe some possible extensions to nonlinear equations. A few appendices
detail one of the original motivations for getting into this theory in the first place: canonical
geometries given as steady state solutions and extremals of certain functionals.

finite element exterior calculus: Numerical Simulation in Physics and Engineering
Inmaculada Higueras, Teo Roldan, Juan José Torrens, 2016-07-01 This book presents lecture notes
from the XVI ‘Jacques-Louis Lions’ Spanish-French School on Numerical Simulation in Physics and
Engineering, held in Pamplona (Navarra, Spain) in September 2014. The subjects covered include:
numerical analysis of isogeometric methods, convolution quadrature for wave simulations,
mathematical methods in image processing and computer vision, modeling and optimization
techniques in food processes, bio-processes and bio-systems, and GPU computing for numerical
simulation. The book is highly recommended to graduate students in Engineering or Science who
want to focus on numerical simulation, either as a research topic or in the field of industrial
applications. It can also benefit senior researchers and technicians working in industry who are
interested in the use of state-of-the-art numerical techniques in the fields addressed here. Moreover,
the book can be used as a textbook for master courses in Mathematics, Physics, or Engineering.

finite element exterior calculus: Splines and PDEs: From Approximation Theory to Numerical
Linear Algebra Angela Kunoth, Tom Lyche, Giancarlo Sangalli, Stefano Serra-Capizzano, 2018-09-20
This book takes readers on a multi-perspective tour through state-of-the-art mathematical
developments related to the numerical treatment of PDEs based on splines, and in particular
isogeometric methods. A wide variety of research topics are covered, ranging from approximation
theory to structured numerical linear algebra. More precisely, the book provides (i) a self-contained



introduction to B-splines, with special focus on approximation and hierarchical refinement, (ii) a
broad survey of numerical schemes for control problems based on B-splines and B-spline-type
wavelets, (iii) an exhaustive description of methods for computing and analyzing the spectral
distribution of discretization matrices, and (iv) a detailed overview of the mathematical and
implementational aspects of isogeometric analysis. The text is the outcome of a C.I.LM.E. summer
school held in Cetraro (Italy), July 2017, featuring four prominent lecturers with different theoretical
and application perspectives. The book may serve both as a reference and an entry point into further
research.

finite element exterior calculus: Applied Wave Mathematics Ewald Quak, Tarmo Soomere,
2009-08-29 This edited volume consists of twelve contributions related to the EU Marie Curie
Transfer of Knowledge Project Cooperation of Estonian and Norwegian Scienti ¢ Centres within
Mathematics and its Applications, CENS-CMA (2005-2009), - der contract MTKD-CT-2004-013909,
which ?nanced exchange visits to and from CENS, the Centre for Nonlinear Studies at the Institute
of Cybernetics of Tallinn University of Technology in Estonia. Seven contributions describe research
highlights of CENS members, two the work of members of CMA, the Centre of Mathematics for
Applications,Univ- sity of Oslo, Norway, as the partner institution of CENS in the Marie Curie
project, and three the ?eld of work of foreign research fellows, who visited CENS as part of
theproject. Thestructureofthebookre?ectsthedistributionofthetopicsaddressed: Part I Waves in Solids
Part I Mesoscopic Theory Part III Exploiting the Dissipation Inequality Part IV Waves in Fluids Part
V Mathematical Methods The papers are written in a tutorial style, intended for non-specialist
researchers and students, where the authors communicate their own experiences in tackling a
problem that is currently of interest in the scienti?c community. The goal was to produce a book,
which highlights the importance of applied mathematics and which can be used for educational
purposes, such as material for a course or a seminar. To ensure the scienti?c quality of the
contributions, each paper was carefully - viewed by two international experts. Special thanks go to
all authors and referees, without whom making this book would not have been possible.

finite element exterior calculus: Finite Elements II Alexandre Ern, Jean-Luc Guermond,
2021-04-22 This book is the second volume of a three-part textbook suitable for graduate
coursework, professional engineering and academic research. It is also appropriate for graduate
flipped classes. Each volume is divided into short chapters. Each chapter can be covered in one
teaching unit and includes exercises as well as solutions available from a dedicated website. The
salient ideas can be addressed during lecture, with the rest of the content assigned as reading
material. To engage the reader, the text combines examples, basic ideas, rigorous proofs, and
pointers to the literature to enhance scientific literacy. Volume II is divided into 32 chapters plus one
appendix. The first part of the volume focuses on the approximation of elliptic and mixed PDEs,
beginning with fundamental results on well-posed weak formulations and their approximation by the
Galerkin method. The material covered includes key results such as the BNB theorem based on
inf-sup conditions, Céa's and Strang's lemmas, and the duality argument by Aubin and Nitsche.
Important implementation aspects regarding quadratures, linear algebra, and assembling are also
covered. The remainder of Volume II focuses on PDEs where a coercivity property is available. It
investigates conforming and nonconforming approximation techniques (Galerkin, boundary penalty,
Crouzeix—Raviart, discontinuous Galerkin, hybrid high-order methods). These techniques are
applied to elliptic PDEs (diffusion, elasticity, the Helmholtz problem, Maxwell's equations),
eigenvalue problems for elliptic PDEs, and PDEs in mixed form (Darcy and Stokes flows). Finally, the
appendix addresses fundamental results on the surjectivity, bijectivity, and coercivity of linear
operators in Banach spaces.

finite element exterior calculus: Space-Time Methods Ulrich Langer, Olaf Steinbach,
2019-09-23 This volume provides an introduction to modern space-time discretization methods such
as finite and boundary elements and isogeometric analysis for time-dependent initial-boundary value
problems of parabolic and hyperbolic type. Particular focus is given on stable formulations, error
estimates, adaptivity in space and time, efficient solution algorithms, parallelization of the solution




pipeline, and applications in science and engineering.

finite element exterior calculus: Geometric Partial Differential Equations - Part I,
2020-01-14 Besides their intrinsic mathematical interest, geometric partial differential equations
(PDEs) are ubiquitous in many scientific, engineering and industrial applications. They represent an
intellectual challenge and have received a great deal of attention recently. The purpose of this
volume is to provide a missing reference consisting of self-contained and comprehensive
presentations. It includes basic ideas, analysis and applications of state-of-the-art fundamental
algorithms for the approximation of geometric PDEs together with their impacts in a variety of fields
within mathematics, science, and engineering. - About every aspect of computational geometric
PDEs is discussed in this and a companion volume. Topics in this volume include stationary and
time-dependent surface PDEs for geometric flows, large deformations of nonlinearly geometric
plates and rods, level set and phase field methods and applications, free boundary problems,
discrete Riemannian calculus and morphing, fully nonlinear PDEs including Monge-Ampere
equations, and PDE constrained optimization - Each chapter is a complete essay at the research level
but accessible to junior researchers and students. The intent is to provide a comprehensive
description of algorithms and their analysis for a specific geometric PDE class, starting from basic
concepts and concluding with interesting applications. Each chapter is thus useful as an introduction
to a research area as well as a teaching resource, and provides numerous pointers to the literature
for further reading - The authors of each chapter are world leaders in their field of expertise and
skillful writers. This book is thus meant to provide an invaluable, readable and enjoyable account of
computational geometric PDEs
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