
calculus with infinitesimals
calculus with infinitesimals represents a fascinating and somewhat controversial
approach to calculus that has gained renewed interest in modern mathematics. Unlike
traditional methods that rely on limits, infinitesimals provide a more intuitive
understanding of change, motion, and the behavior of functions. This article explores the
historical context of infinitesimals, their mathematical foundations, how they differ from
classical calculus, and their applications in various fields, including physics and
engineering. Additionally, we will discuss the role of infinitesimals in modern
mathematics, including non-standard analysis, and how they can simplify complex
concepts. Understanding calculus with infinitesimals can significantly enhance one's grasp
of mathematical concepts and provide deeper insights into the nature of calculus itself.
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Historical Background of Infinitesimals
The concept of infinitesimals has a rich history that dates back to early mathematicians
such as Isaac Newton and Gottfried Wilhelm Leibniz in the 17th century. Both contributed
to the development of calculus, but their approaches differed significantly. Newton’s
method of fluxions and Leibniz’s use of differentials relied on the notion of infinitely small
quantities, which they used to derive fundamental principles of calculus.

However, the acceptance of infinitesimals was fraught with challenges. Mathematicians
like Augustin-Louis Cauchy and Karl Weierstrass later formalized calculus using limits,
effectively sidelining the concept of infinitesimals. Despite this, the idea persisted in
various forms and was notably used in the works of mathematicians such as Georg Cantor
and Abraham Robinson, who later provided a rigorous foundation for infinitesimals
through non-standard analysis.



Mathematical Foundations of Calculus with
Infinitesimals
Calculus with infinitesimals can be understood through the lens of non-standard analysis,
which introduces a framework for rigorously handling infinitesimals. In this context, an
infinitesimal is defined as a quantity that is greater than zero but smaller than any positive
real number. This allows for a more natural interpretation of derivatives and integrals.

In non-standard analysis, the hyperreal numbers extend the real number system to include
infinitesimal and infinite quantities. This system provides a formal structure in which
calculus can operate smoothly, allowing mathematicians to manipulate infinitesimals
similarly to standard numbers.

Key concepts in this framework include:

Infinitesimal Values: Values that are closer to zero than any positive real number.

Standard Part: A function that maps a hyperreal number to the nearest real
number.

Hyperreal Numbers: A number system that includes real numbers, infinitesimals,
and infinite numbers.

Comparison with Classical Calculus
While both calculus with infinitesimals and classical calculus aim to study change, they do
so in fundamentally different ways. Classical calculus relies heavily on the concept of
limits, providing a method to approach instantaneous rates of change and areas under
curves through the limit of a function as it approaches a point.

In contrast, calculus with infinitesimals allows for a more direct approach. For example,
the derivative of a function at a point can be understood as the ratio of infinitesimal
changes in the function and its variable, rather than the limit of the ratio of finite changes.
This perspective can simplify many calculations and provide geometric insights that are
less apparent in the limit-based approach.

Some key differences include:

Conceptual Approach: Infinitesimals provide a more intuitive grasp of
instantaneous change.

Computational Ease: Infinitesimals can simplify derivative and integral
calculations.

Geometric Interpretation: Infinitesimals facilitate a clearer geometric
understanding of calculus concepts.



Applications of Infinitesimals in Various Fields
Calculus with infinitesimals is not just a theoretical concept; it has practical applications
across several fields. In physics, infinitesimals can be used to model motion, forces, and
energy changes. For instance, in mechanics, the instantaneous velocity of an object can be
calculated using infinitesimal time intervals, providing a direct method to derive equations
of motion.

In engineering, infinitesimals play a crucial role in analyzing systems that involve rates of
change, such as fluid dynamics and thermodynamics. The ability to work with
infinitesimals allows engineers to design more efficient systems based on precise
calculations of changes over time.

Other areas where calculus with infinitesimals is applied include:

Economics: Modeling marginal changes in supply and demand.

Biology: Understanding rates of growth and decay in populations.

Computer Science: Algorithms that rely on continuous optimization techniques.

Modern Perspectives: Non-Standard Analysis
Non-standard analysis has revived the use of infinitesimals in a rigorous mathematical
framework. Developed by Abraham Robinson in the 1960s, this approach allows
mathematicians to use infinitesimals in a way similar to the traditional methods of calculus
while maintaining logical consistency.

Non-standard analysis provides a set of axioms that govern the behavior of infinitesimals
and infinite numbers, allowing for the exploration of calculus in a new light. The results
obtained through non-standard analysis often align with those derived from classical
calculus, but the methods can yield different insights and techniques that are beneficial in
various applications.

Some concepts in non-standard analysis include:

Internal Sets: Sets that contain hyperreal numbers, including infinitesimals.

External Sets: Collections that may include infinitesimals and infinite numbers, but
do not have the same properties as standard sets.

Transfer Principle: A fundamental property that allows statements true for real
numbers to also be true for hyperreal numbers.



Benefits of Using Infinitesimals in Calculus
The use of infinitesimals in calculus offers several advantages that can enhance both
understanding and application. One significant benefit is the simplification of complex
problems. Infinitesimals allow for direct computation of derivatives and integrals without
delving into the sometimes intricate limit processes.

Furthermore, infinitesimals provide a more intuitive approach to understanding the
concepts of continuity and differentiability. By thinking in terms of infinitesimal changes,
students and practitioners can better grasp the underlying principles of calculus.

Other notable benefits include:

Enhanced Intuition: Infinitesimals can make abstract concepts more tangible.

Streamlined Calculations: Reduces the need for extensive limit evaluations.

Broader Applications: Facilitates advanced techniques in various scientific
disciplines.

Conclusion
Calculus with infinitesimals offers a compelling alternative to traditional calculus methods,
providing new insights and a deeper understanding of mathematical concepts. As the
mathematical community continues to explore non-standard analysis, the potential
applications and benefits of infinitesimals in various fields will likely expand. Embracing
this approach can enhance both the theoretical and practical aspects of calculus, making it
a valuable tool for students, educators, and professionals alike.

Q: What are infinitesimals in calculus?
A: Infinitesimals are quantities that are greater than zero but smaller than any positive
real number. In calculus, they are used to represent very small changes in variables and
provide a foundation for understanding derivatives and integrals.

Q: How do infinitesimals differ from limits in calculus?
A: While limits approach a value as closely as desired without actually reaching it,
infinitesimals represent actual values that are smaller than any standard real number.
This allows for a more intuitive understanding of change without the formal limit process.

Q: What is non-standard analysis?
A: Non-standard analysis is a branch of mathematics that formalizes the use of
infinitesimals and infinite numbers. Developed by Abraham Robinson, it provides a



rigorous framework for working with these concepts in calculus.

Q: Can infinitesimals be used in real-world applications?
A: Yes, infinitesimals have practical applications in various fields, including physics,
engineering, economics, and biology, where they help model rates of change and other
dynamic processes.

Q: Are infinitesimals accepted in modern mathematics?
A: Yes, infinitesimals are accepted in modern mathematics, particularly through the
framework of non-standard analysis, which provides a consistent and rigorous approach to
their use.

Q: What are the advantages of using calculus with
infinitesimals?
A: The advantages include simplified calculations, enhanced intuition for concepts like
continuity and differentiability, and broader applications across scientific disciplines.

Q: How did historical figures contribute to the concept
of infinitesimals?
A: Historical figures like Isaac Newton and Gottfried Wilhelm Leibniz initially developed
calculus using infinitesimal quantities, though later mathematicians shifted towards limit-
based approaches. Their work laid the groundwork for the eventual revival of
infinitesimals through non-standard analysis.

Q: What is the transfer principle in non-standard
analysis?
A: The transfer principle is a key concept in non-standard analysis that states that if a
mathematical statement is true for real numbers, it is also true for hyperreal numbers,
including infinitesimals and infinite quantities.

Q: How does calculus with infinitesimals help in
learning calculus?
A: Calculus with infinitesimals can make understanding calculus concepts more intuitive
and accessible, allowing students to grasp fundamental ideas without getting bogged
down by the complexities of limits.



Q: In what fields is calculus with infinitesimals
particularly useful?
A: Calculus with infinitesimals is particularly useful in fields such as physics for modeling
motion, engineering for analyzing systems, economics for studying marginal changes, and
biology for understanding growth rates.
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  calculus with infinitesimals: Elementary Calculus H. Jerome Keisler, 2013-04-22 This
first-year calculus book is centered around the use of infinitesimals. It contains all the ordinary
calculus topics, including approximation problems, vectors, partial derivatives, and multiple
integrals. 2007 edition.
  calculus with infinitesimals: Calculus with infinitesimals Efraín Soto Apolinar, 2020-06-30
This book covers the most important ideas of calculus and its applications. An emphasis is placed on
the use of infinitely small quantities (i.e., infinitesimals), which were used in the creation of this
branch of mathematics. The goal of the author is to provide a smoother transition to the
understanding of the ideas of infinitesimal quantity, derivative, differential, antiderivative, and the
definite integral. In order to give the reader an easier approach to learning and understanding these
ideas, the same justifications given by the creators of the calculus are explained in this book. The
justification of the formulas to compute derivatives is deduced according to its historical genesis
with the use of the idea of infinitesimal as stated by Leibniz. Also, the justification of the formulas for
antiderivatives is explained in detail. Some applications of the calculus are also covered, among
them, extreme values of functions, related rates, arc length, area of regions in the plane, volume,
surface area, mass, the center of mass, the moment of inertia, hydrostatic pressure, work, and
several more. Mathematical rigor is not emphasized in this work, but instead, the meaning of the
concepts and the understanding of the mathematical procedures in order to prepare the reader to
apply the calculus in different contexts, among them: geometry, physics, and engineering problems.
To motivate more teachers and students to use this book, the topics covered have been arranged
according to most of the traditional calculus courses. However, because the theory of limits and the
definitions of the ideas of calculus based on limits, were created many years later by Cauchy and
Weierstrass, the limits and some related ideas (like continuity and differentiability) are not detailed
covered.
  calculus with infinitesimals: Elementary Calculus H. Jerome Keisler, 1976
  calculus with infinitesimals: The Origins of Infinitesimal Calculus Margaret E. Baron,
2014-05-09 The Origins of Infinitesimal Calculus focuses on the evolution, development, and
applications of infinitesimal calculus. The publication first ponders on Greek mathematics, transition
to Western Europe, and some center of gravity determinations in the later 16th century. Discussions
focus on the growth of kinematics in the West, latitude of forms, influence of Aristotle,
axiomatization of Greek mathematics, theory of proportion and means, method of exhaustion,
discovery method of Archimedes, and curves, normals, tangents, and curvature. The manuscript
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then examines infinitesimals and indivisibles in the early 17th century and further advances in
France and Italy. Topics include the link between differential and integral processes, concept of
tangent, first investigations of the cycloid, and arithmetization of integration methods. The book
reviews the infinitesimal methods in England and Low Countries and rectification of arcs. The
publication is a vital source of information for historians, mathematicians, and researchers
interested in infinitesimal calculus.
  calculus with infinitesimals: Infinitesimal Calculus James M. Henle, Eugene M. Kleinberg,
2003-01-01 Introducing calculus at the basic level, this text covers hyperreal numbers and hyperreal
line, continuous functions, integral and differential calculus, fundamental theorem, infinite
sequences and series, infinite polynomials, topology of the real line, and standard calculus and
sequences of functions. Only high school mathematics needed. 1979 edition.
  calculus with infinitesimals: Elementary Calculus H. Jerome Keisler, 2002
  calculus with infinitesimals: Yet Another Calculus Text Dan Sloughter, 2009-09-24
  calculus with infinitesimals: Calculus Set Free C. Bryan Dawson, 2021-11-30 Calculus Set
Free: Infinitesimals to the Rescue is a single-variable calculus textbook that incorporates the use of
infinitesimal methods. The procedures used throughout make many of the calculations simpler and
the concepts clearer for undergraduate students, heightening success and easing a significant
burden of entry into STEM disciplines. This text features a student-friendly exposition with ample
marginal notes, examples, illustrations, and more. The exercises include a wide range of difficulty
levels, stretching from very simple rapid response questions to the occasional exercise meant to test
knowledge. While some exercises require the use of technology to work through, none are
dependent on any specific software. The answers to odd-numbered exercises in the back of the book
include both simplified and non-simplified answers, hints, or alternative answers. Throughout the
text, notes in the margins include comments meant to supplement understanding, sometimes
including line-by-line commentary for worked examples. Without sacrificing academic rigor,
Calculus Set Free offers an engaging style that helps students to solidify their understanding on
difficult theoretical calculus.
  calculus with infinitesimals: Calculus Made Even Easier Robert Carter, 2018-08-13 This
book is intended for science and engineering majors who are required to take calculus and are
looking for a more intuitive way of understanding it. This is a non-rigorous infinitesimal approach
which focuses on differentials of variables that represent physical quantities rather than derivatives
as limits of of mathematical functions. In science variables are related in equations so this is the
focus rather than on dependent and independent variables of functions. These methods were
originally conceived by G. Leibniz over 300 years ago and have been used successfully by scientists
ever since. It is written in the spirit of Calculus Made Easy by S. Thompson. Thompson wrote his
book in 1910 before infinitesimals were legitimized. He used the concept of little bits of variables.
Hopefully infinitesimal differentials will make calculus even easier. This is not a textbook. Examples
are given to illustrate concepts but there are no exercise sets. It is meant to be used as a
supplemental reading. This is the third edition with some new material and changes.
  calculus with infinitesimals: Stochastic Calculus with Infinitesimals Frederik S.
Herzberg, 2012-11-06 Stochastic analysis is not only a thriving area of pure mathematics with
intriguing connections to partial differential equations and differential geometry. It also has
numerous applications in the natural and social sciences (for instance in financial mathematics or
theoretical quantum mechanics) and therefore appears in physics and economics curricula as well.
However, existing approaches to stochastic analysis either presuppose various concepts from
measure theory and functional analysis or lack full mathematical rigour. This short book proposes to
solve the dilemma: By adopting E. Nelson's radically elementary theory of continuous-time
stochastic processes, it is based on a demonstrably consistent use of infinitesimals and thus permits
a radically simplified, yet perfectly rigorous approach to stochastic calculus and its fascinating
applications, some of which (notably the Black-Scholes theory of option pricing and the Feynman
path integral) are also discussed in the book.



  calculus with infinitesimals: The origins of the infinitesimal calculus , 1969
  calculus with infinitesimals: ˜Theœ Origins of the Infinitesimal Calculus Margaret E.
Baron, 1994
  calculus with infinitesimals: Stochastic Calculus with Infinitesimals Frederik S. Herzberg,
2012-11-07 Stochastic analysis is not only a thriving area of pure mathematics with intriguing
connections to partial differential equations and differential geometry. It also has numerous
applications in the natural and social sciences (for instance in financial mathematics or theoretical
quantum mechanics) and therefore appears in physics and economics curricula as well. However,
existing approaches to stochastic analysis either presuppose various concepts from measure theory
and functional analysis or lack full mathematical rigour. This short book proposes to solve the
dilemma: By adopting E. Nelson's radically elementary theory of continuous-time stochastic
processes, it is based on a demonstrably consistent use of infinitesimals and thus permits a radically
simplified, yet perfectly rigorous approach to stochastic calculus and its fascinating applications,
some of which (notably the Black-Scholes theory of option pricing and the Feynman path integral)
are also discussed in the book.
  calculus with infinitesimals: Calculus Set Free C Bryan Dawson, 2019-10-28 This
calculus-level textbook (in multiple volumes) uses infinitesimal methods developed by the author and
debuted in articles in The American Mathematical Monthly (Feb. 2018) and The College
Mathematics Journal (to appear). The book is in the classroom testing stage in first-semester
calculus and most of second-semester calculus.Features of the textbook include a student-friendly
narrative that helps the student think through the development of concepts; a larger font and
less-cramped style than popular calculus texts; reading exercises in the narrative; margin notes
giving explanations, tips, cautions against common errors, and other notes of interest; hundreds of
examples with complete solutions, some of which include details of the thinking process; thousands
of exercises of various levels of difficulty, including rapid response exercises meant for in-classroom
use; answers to odd-numbered exercises that sometimes include hints, brief explanations of common
incorrect answers, alternate forms of answers, or both simplified and unsimplified answers; a review
section on avoiding common errors; and an extensive index. These features make the book suitable
for individual study as well as classroom use.Since the book is in a preliminary edition, readers are
invited to give the author feedback at bdawson@uu.edu.
  calculus with infinitesimals: Foundations of Infinitesimal Calculus H. Jerome Keisler,
1976-01-01
  calculus with infinitesimals: Introduction to Infinitesimal Analysis Oswald Veblen, Nels
Johann Lennes, 1907
  calculus with infinitesimals: A First Course in Infinitesimal Calculus Daniel Alexander
Murray, 1903
  calculus with infinitesimals: A Brief Introduction to the Infinitesimal Calculus Irving Fisher,
1897
  calculus with infinitesimals: Calculus Set Free: Infinitesimals to the Rescue C. Dawson,
2018-07-31 This calculus textbook (volume 2, fall 2018 preliminary edition) is being tested at Union
University.Calculus Set Free: Infinitesimals to the Rescue uses infinitesimals to simplify the
calculation of limits anywhere they occur, including the development of the derivative and the
definite integral, through the use of new definitions, notation, and procedures developed by the
author. The author's approach to the definite integral used in this volume is introduced in the article
A New Approach to the Riemann Integral, The American Mathematical Monthly 125:2 (February
2018), pp. 130-140.
  calculus with infinitesimals: Elements of the Infinitesimal Calculus George Henry
Chandler, 1907
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