rees algebra

rees algebra is a significant area of study in modern mathematics that focuses on the properties
and applications of algebraic structures known as Rees rings. This article will explore the
foundational concepts of Rees algebra, its applications in algebraic geometry, and its relevance to
commutative algebra. Additionally, we will delve into the construction of Rees algebras, their
homological properties, and their connection to ideals and varieties. This comprehensive
examination will provide insights into how Rees algebra is utilized in various mathematical
disciplines, making it a crucial topic for researchers and students alike.

e Introduction to Rees Algebra

e Key Concepts in Rees Algebra

¢ Construction of Rees Algebras
 Applications of Rees Algebra

e Homological Aspects of Rees Algebras

e Conclusion

e Frequently Asked Questions

Introduction to Rees Algebra

Rees algebra can be defined as a construction that associates a graded ring to an ideal of a
polynomial ring. This concept was introduced by mathematician David Rees in the 1960s and has
since become an essential tool in various branches of algebra. The primary focus of Rees algebra is
to study the properties of ideals and their associated varieties, providing a framework for
understanding the structure of algebraic objects.

At its core, Rees algebra allows mathematicians to translate problems involving ideals into problems
involving rings, making it easier to apply techniques from commutative algebra. This transformation
is particularly useful in algebraic geometry, where the relationships between varieties and their
defining ideals play a critical role in the study of geometric properties. In this section, we will
discuss the fundamental notions of Rees algebra, including its definition, significance, and basic
examples.

Key Concepts in Rees Algebra

To grasp the principles of Rees algebra, it is essential to understand several key concepts that



underpin its structure and applications.

Definition of Rees Algebra

Rees algebra is constructed from a given ideal \( I \) in a polynomial ring \( R[x] \). The Rees algebra
\( R[I] ) is defined as the following graded ring:

\[

R[I] = \bigoplus {n\geq 0} I"n t~n \subset R[t]

\]

Here, \( t) is an indeterminate, and \( I”"n \) represents the \( n \)-th power of the ideal \( I \). This

definition emphasizes the graded nature of the Rees algebra, which is crucial for understanding its
structural properties.

Graded Rings and Ideals

Graded rings are rings that can be decomposed into a direct sum of abelian groups, each indexed by
non-negative integers. In the context of Rees algebra, the grading arises from the powers of the
ideal \( I'\). The grading allows for the examination of the structures at different "levels," facilitating
a deeper understanding of the ideal's properties.

Additionally, the concept of ideals is central to Rees algebra. An ideal is a special subset of a ring

that absorbs multiplication by elements of the ring. The study of ideals and their relationships to
varieties is essential in both algebra and geometry.

Construction of Rees Algebras

The construction of Rees algebras involves several steps that highlight their inherent properties and
applications.

Step-by-Step Construction

To construct the Rees algebra for a given ideal \( I'\) in a polynomial ring \( R[x] \), follow these
steps:

1. Identify the polynomial ring \( R[x] ) and the ideal \( I'\) within it.

2. Define the indeterminate \( t \) and consider the ring \( R[t] \).

3. Formulate the direct sum of the powers of \( I \): \( \bigoplus {n\geq 0} I"n t"n\).



4. Establish the graded ring structure that allows the manipulation and interpretation of
elements.

Through these steps, mathematicians can explore the properties of \( R[I] \) and its relations to other
algebraic structures.

Examples of Rees Algebras

Understanding specific examples of Rees algebras illuminates their applications and significance.
Common examples include:

e The Rees algebra of the ideal generated by a single polynomial.
e The Rees algebra associated with an ideal in a local ring.

» Rees algebras arising from multiple generators, illustrating more complex structures.

These examples serve to demonstrate the versatility of Rees algebra in various contexts.

Applications of Rees Algebra

Rees algebra has numerous applications across different mathematical fields, notably in algebraic
geometry and commutative algebra.

Algebraic Geometry

In algebraic geometry, Rees algebra provides a framework for studying the relationships between
ideals and their corresponding varieties. The geometric interpretation of Rees algebras allows for a
deeper understanding of the singularities and intersections of varieties.

Commutative Algebra

Rees algebra also plays a crucial role in commutative algebra, particularly in the study of ideals and
their properties. The connections between Rees algebras and primary decomposition, as well as the
interplay between different types of rings, are of significant interest in the field.



Homological Aspects of Rees Algebras

The homological properties of Rees algebras are critical for understanding their structure and
applications. This section will explore some of the key homological concepts.

Homological Dimensions

Homological dimensions, such as projective and injective dimensions, are essential tools in studying
Rees algebras. The projective dimension of a Rees algebra can reveal information about the ideal’s
behavior and its associated varieties.

Derived Categories

Derived categories provide an advanced framework for examining the relationships between
different algebraic structures. Rees algebras can be studied within this context, offering insights into
their derived functors and other homological characteristics.

Conclusion

Rees algebra is a powerful concept that bridges various domains within mathematics, particularly
algebraic geometry and commutative algebra. By providing a structured way to study ideals and
their associated varieties, Rees algebra has become a vital tool for mathematicians. Its applications
and homological properties continue to be a rich area for research and exploration, underscoring its
significance in contemporary mathematics.

Frequently Asked Questions

Q: What is the significance of Rees algebra in algebraic
geometry?

A: Rees algebra is significant in algebraic geometry as it provides a framework for analyzing the
relationship between ideals and varieties, facilitating the study of geometric properties and
singularities.

Q: How does Rees algebra relate to commutative algebra?

A: In commutative algebra, Rees algebra helps in understanding the structure of ideals and their
interactions within rings, providing tools for analyzing properties such as primary decomposition.



Q: Can you give an example of a Rees algebra?

A: An example of a Rees algebra is the Rees algebra of the ideal generated by a single polynomial in
\( R[x] \), which forms a graded ring that captures the properties of that ideal.

Q: What are the homological properties of Rees algebras?

A: The homological properties of Rees algebras include their projective and injective dimensions,
which help in understanding the behavior of ideals and their relationships in a broader algebraic
context.

Q: How are Rees algebras constructed?

A: Rees algebras are constructed by taking an ideal in a polynomial ring, defining a new
indeterminate, and forming a direct sum of the powers of the ideal multiplied by that indeterminate,
resulting in a graded ring.

Q: What role do Rees algebras play in studying varieties?

A: Rees algebras play a critical role in studying varieties by providing a means to translate problems
about varieties into problems about rings and ideals, facilitating easier analysis and understanding.

Q: Are Rees algebras only applicable to polynomial rings?

A: While Rees algebras are primarily constructed from polynomial rings, the concepts can be
extended to other types of rings, making them a versatile tool in algebra.

Q: What is the relationship between Rees algebra and primary
decomposition?

A: Rees algebra is closely related to primary decomposition as it allows for the analysis of ideals in
terms of their primary components, aiding in the understanding of their structure and behavior.

Q: How does Rees algebra contribute to modern research in
mathematics?

A: Rees algebra contributes to modern research by providing a framework for exploring complex
relationships between algebraic structures, leading to new insights in both algebra and geometry.
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rees algebra: Commutative Algebra Irena Peeva, 2022-02-18 This contributed volume is a
follow-up to the 2013 volume of the same title, published in honor of noted Algebraist David
Eisenbud's 65th birthday. It brings together the highest quality expository papers written by leaders
and talented junior mathematicians in the field of Commutative Algebra. Contributions cover a very
wide range of topics, including core areas in Commutative Algebra and also relations to Algebraic
Geometry, Category Theory, Combinatorics, Computational Algebra, Homological Algebra,
Hyperplane Arrangements, and Non-commutative Algebra. The book aims to showcase the area and
aid junior mathematicians and researchers who are new to the field in broadening their background
and gaining a deeper understanding of the current research in this area. Exciting developments are
surveyed and many open problems are discussed with the aspiration to inspire the readers and
foster further research.

rees algebra: Women in Commutative Algebra Claudia Miller, Janet Striuli, Emily E. Witt,
2022-03-18 This volume features contributions from the Women in Commutative Algebra (WICA)
workshop held at the Banff International Research Station (BIRS) from October 20-25, 2019, run by
the Pacific Institute of Mathematical Sciences (PIMS). The purpose of this meeting was for groups of
mathematicians to work on joint research projects in the mathematical field of Commutative Algebra
and continue these projects together long-distance after its close. The chapters include both direct
results and surveys, with contributions from research groups and individual authors. The WICA
conference was the first of its kind in the large and vibrant area of Commutative Algebra, and this
volume is intended to showcase its important results and to encourage further collaboration among
marginalized practitioners in the field. It will be of interest to a wide range of researchers, from PhD
students to senior experts.

rees algebra: Commutative Algebra ]. William Hoffman, Xiaohong Jia, Haohao Wang,
2016-05-27 No detailed description available for Commutative Algebra.

rees algebra: Commutative Algebra Joseph Brennan, Aron Simis, 2025-09-22 Wolmer
Vasconcelos was one of the giants in the development of Commutative Algebra in the latter half of
the twentieth century and the first decades of the twenty-first century. This work collects in one
place essays illustrating the important developments of his work particularly in commutative algebra
that permits the reader to see the development of his important ideas and how they influence the
development of mathematics today.

rees algebra: Commutative Algebra, Singularities and Computer Algebra Jirgen Herzog,
Victor Vuletescu, 2012-12-06 Proceedings of the NATO Advanced Research Workshop, held in
Sinaia, Romania, 17-22 September 2002

rees algebra: Commutative Algebra and Algebraic Geometry Sudhir Ghorpade, 2005 The
first Joint AMS-India Mathematics Meeting was held in Bangalore (India). This book presents articles
written by speakers from a special session on commutative algebra and algebraic geometry.
Included are contributions from some leading researchers around the world in this subject area. The
volume contains new and original research papers and survey articles suitable for graduate students
and researchers interested in commutative algebra and algebraic geometry.

rees algebra: Integral Closure of Ideals, Rings, and Modules Craig Huneke, Irena Swanson,
2006-10-12 Ideal for graduate students and researchers, this book presents a unified treatment of
the central notions of integral closure.

rees algebra: Monomial Algebras Rafael Villarreal, 2018-10-08 Monomial Algebras, Second
Edition presents algebraic, combinatorial, and computational methods for studying monomial
algebras and their ideals, including Stanley-Reisner rings, monomial subrings, Ehrhart rings, and
blowup algebras. It emphasizes square-free monomials and the corresponding graphs, clutters, or
hypergraphs. New to the Second Edition Four new chapters that focus on the algebraic properties of
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blowup algebras in combinatorial optimization problems of clutters and hypergraphs Two new
chapters that explore the algebraic and combinatorial properties of the edge ideal of clutters and
hypergraphs Full revisions of existing chapters to provide an up-to-date account of the subject
Bringing together several areas of pure and applied mathematics, this book shows how monomial
algebras are related to polyhedral geometry, combinatorial optimization, and combinatorics of
hypergraphs. It directly links the algebraic properties of monomial algebras to combinatorial
structures (such as simplicial complexes, posets, digraphs, graphs, and clutters) and linear
optimization problems.

rees algebra: Commutative Algebra Aron Simis, 2023-08-07 The primary audience for this
book is students and the young researchers interested in the core of the discipline. Commutative
algebra is by and large a self-contained discipline, which makes it quite dry for the beginner with a
basic training in elementary algebra and calculus. A stable mathematical discipline such as this
enshrines a vital number of topics to be learned at an early stage, more or less universally accepted
and practiced. Naturally, authors tend to turn these topics into an increasingly short and elegant list
of basic facts of the theory. So, the shorter the better. However, there is a subtle watershed between
elegance and usefulness, especially if the target is the beginner. From my experience throughout
years of teaching, elegance and terseness do not do it, except much later in the carrier. To become
useful, the material ought to carry quite a bit of motivation through justification and usefulness
pointers. On the other hand, it is difficult to contemplate these teaching devices in the writing of a
short book. I have divided the material in three parts. starting with more elementary sections, then
carrying an intermezzo on more difficult themes to make up for a smooth crescendo with additional
tools and, finally, the more advanced part, versing on a reasonable chunk of present-day steering of
commutative algebra. Historic notes at the end of each chapter provide insight into the original
sources and background information on a particular subject or theorem. Exercises are provided and
propose problems that apply the theory to solve concrete questions (yes, with concrete polynomials,
and so forth).

rees algebra: Commutative Algebra Alberto Corso, Philippe Gimenez, Maria Vaz Pinto, Santiago
Zarzuela, 2005-08-15 Packed with contributions from international experts, Commutative Algebra:
Geometric, Homological, Combinatorial, and Computational Aspects features new research results
that borrow methods from neighboring fields such as combinatorics, homological algebra,
polyhedral geometry, symbolic computation, and topology. This book consists of articles pres

rees algebra: Three Lectures on Commutative Algebra Holger Brenner, Jurgen Herzog,
Orlando E. Villamayor, 2008 These lectures provides detailed introductions to some of the latest
advances in three significant areas of rapid development in commutative algebra and its
applications: tight closure and vector bundles; combinatorics and commutative algebra; constructive
desingularization.

rees algebra: Integral Closure Wolmer Vasconcelos, 2005-11-04 Integral Closure gives an
account of theoretical and algorithmic developments on the integral closure of algebraic structures.
These are shared concerns in commutative algebra, algebraic geometry, number theory and the
computational aspects of these fields. The overall goal is to determine and analyze the equations of
the assemblages of the set of solutions that arise under various processes and algorithms. It gives a
comprehensive treatment of Rees algebras and multiplicity theory - while pointing to applications in
many other problem areas. Its main goal is to provide complexity estimates by tracking numerically
invariants of the structures that may occur. This book is intended for graduate students and
researchers in the fields mentioned above. It contains, besides exercises aimed at giving insights,
numerous research problems motivated by the developments reported.

rees algebra: Commutative Algebra: Syzygies, Multiplicities, and Birational Algebra William J.
Heinzer, Judith D. Sally, 1994 This volume contains refereed papers on themes explored at the
AMS-IMS-SIAM Summer Research Conference, Commutative Algebra: Syzygies, Multiplicities, and
Birational Algebra, held at Mount Holyoke College in 1992. The conference featured a series of
one-hour invited lectures on recent advances in commutative algebra and interactions with such



areas as algebraic geometry, representation theory, and combinatorics. The major themes of the
conference were tight closure Hilbert functions, birational algebra, free resolutions and the
homological conjectures, Rees algebras, and local cohomology. With contributions by several leading
experts in the field, this volume provides an excellent survey of current research in commutative
algebra.

rees algebra: Arithmetic of Blowup Algebras Wolmer V. Vasconcelos, 1994-02-25 This book
provides an introduction to recent developments in the theory of blow up algebras - Rees algebras,
associated graded rings, Hilbert functions, and birational morphisms. The emphasis is on deriving
properties of rings from their specifications in terms of generators and relations. While this limits
the generality of many results, it opens the way for the application of computational methods. A
highlight of the book is the chapter on advanced computational methods in algebra using Grobner
basis theory and advanced commutative algebra. The author presents the Grobner basis algorithm
and shows how it can be used to resolve computational questions in algebra. This volume is intended
for advanced students in commutative algebra, algebraic geometry and computational algebra, and
homological algebra. It can be used as a reference for the theory of Rees algebras and related
topics.

rees algebra: Applications of Algebraic Geometry to Coding Theory, Physics and Computation
Ciro Ciliberto, Friedrich Hirzebruch, Rick Miranda, Mina Teicher, 2001-08-31 Proceedings of the
NATO Advanced Research Workshop, held in Eilat, Israel, from 25th February to 1st March 2001

rees algebra: Geometric And Combinatorial Aspects Of Commutative Algebra Jurgen Herzog,
Gaetana Restuccia, 2001-03-06 This work is based on the lectures presented at the International
Conference of Commutative Algebra and Algebraic Geometry held in Messina, Italy. It discusses
developments and advances in commutative algebra, algebraic geometry, and combinatorics -
highlighting the theory of projective schemes, the geometry of curves, determinantal and stable idea

rees algebra: Ring Theory And Algebraic Geometry A. Granja, J.A. Hermida Alonso, A
Verschoren, 2001-05-08 Focuses on the interaction between algebra and algebraic geometry,
including high-level research papers and surveys contributed by over 40 top specialists representing
more than 15 countries worldwide. Describes abelian groups and lattices, algebras and binomial
ideals, cones and fans, affine and projective algebraic varieties, simplicial and cellular complexes,
polytopes, and arithmetics.

rees algebra: The Resolution of Singular Algebraic Varieties David Ellwood, Herwig
Hauser, Shigefumi Mori, Josef Schicho, 2014-12-12 Resolution of Singularities has long been
considered as being a difficult to access area of mathematics. The more systematic and simpler
proofs that have appeared in the last few years in zero characteristic now give us a much better
understanding of singularities. They reveal the aesthetics of both the logical structure of the proof
and the various methods used in it. The present volume is intended for readers who are not yet
experts but always wondered about the intricacies of resolution. As such, it provides a gentle and
quite comprehensive introduction to this amazing field. The book may tempt the reader to enter
more deeply into a topic where many mysteries--especially the positive characteristic case--await to
be disclosed. Titles in this series are co-published with the Clay Mathematics Institute (Cambridge,
MA).

rees algebra: New Techniques in Resolution of Singularities Dan Abramovich, Anne
Fruhbis-Kruger, Michael Temkin, Jarostaw Wtodarczyk, 2023-09-14 Resolution of singularities is
notorious as a difficult topic within algebraic geometry. Recent work, aiming at resolution of families
and semistable reduction, infused the subject with logarithmic geometry and algebraic stacks, two
techniques essential for the current theory of moduli spaces. As a byproduct a short, a simple and
efficient functorial resolution procedure in characteristic 0 using just algebraic stacks was produced.
The goals of the book, the result of an Oberwolfach Seminar, are to introduce readers to explicit
techniques of resolution of singularities with access to computer implementations, introduce readers
to the theories of algebraic stacks and logarithmic structures, and to resolution in families and
semistable reduction methods.




rees algebra: Algebra and Its Applications Manoj Kumar Patel, Mohammad Ashraf, Najib
Mahdou, Hwankoo Kim, 2025-01-13 This volume contains selected chapters on algebra and related
topics presented at the International Conference on Algebra and its Applications, held at the
Department of Mathematics, Faculty of Science and Technology, Sidi Mohamed Ben Abdellah
University, Fez, Morocco, from 12-15 July 2023, held in honour of Prof. Ayman Badawi and Prof.
Abdelmoujib Benkirane. It contains a cross-section of topics in algebra and its applications which
contribute to the development of pure and applied algebra. Chapters in the book focus on modern
trends and techniques in various branches of pure and applied algebra and highlight their
applications in several other branches of mathematics like coding theory, cryptography and graph
theory. Covering a broad range of topics in pure and applied algebra, the book will be useful to a
wide spectrum of researchers and graduate students in mathematics.
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