
matsumura commutative algebra
matsumura commutative algebra is a pivotal area in mathematics that encompasses the study of
commutative rings and their ideals, providing essential insights into algebraic geometry, number
theory, and beyond. Developed primarily through the influential work of Hideo Matsumura, this field
emphasizes the deep connections between algebraic structures and their geometric interpretations.
This article offers a comprehensive exploration of Matsumura's contributions to commutative
algebra, detailing its foundational concepts, key theorems, and applications in various mathematical
disciplines. Readers will gain an understanding of essential terms, the significance of integral
extensions, dimension theory, and the role of localization in commutative algebra.
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Introduction to Matsumura Commutative Algebra

Matsumura commutative algebra is a branch of mathematics focused on the study of commutative
rings, their ideals, and modules. Hideo Matsumura's seminal text, "Commutative Algebra," has
served as a cornerstone for understanding the underlying principles of this discipline. Commutative
algebra is not only foundational in pure mathematics but also has profound implications in algebraic
geometry and algebraic number theory. It provides the tools necessary for studying varieties and
schemes, making it essential for modern mathematical research.

Understanding the interplay between algebraic structures and their geometric counterparts is
crucial for advancements in various fields of mathematics. Matsumura's work highlights the
importance of ideals, rings, and modules, which serve as the building blocks for more complex
theories. In this section, we will delve into fundamental concepts that define the landscape of
Matsumura commutative algebra.

Key Concepts and Definitions



To grasp the intricacies of Matsumura commutative algebra, it is essential to understand several key
concepts and definitions that form its foundation.

Commutative Rings

A commutative ring is a set equipped with two binary operations, usually referred to as addition and
multiplication, satisfying specific properties:

Closure under addition and multiplication

Associativity and commutativity of addition and multiplication

Distributive property

Existence of an additive identity and multiplicative identity

The study of commutative rings is critical, as these structures allow for the formulation of various
algebraic theories.

Ideals

An ideal is a special subset of a ring that absorbs multiplication by elements of the ring. Ideals can
be classified into:

Principal Ideals: Generated by a single element.

Maximal Ideals: Proper ideals that cannot be contained within any larger proper ideal.

Prime Ideals: Ideals with the property that if the product of two elements is in the ideal, at
least one of the elements must be in the ideal.

Ideals play a crucial role in understanding the structure of rings and the behavior of their elements.

Integral Extensions in Commutative Algebra

Integral extensions are a significant topic within Matsumura commutative algebra, concerned with
the relationship between rings and their extensions.



Definition of Integral Extensions

An extension of rings A ⊆ B is said to be integral if every element b in B is a root of a monic
polynomial with coefficients in A. These extensions are vital as they preserve many properties of the
ring.

Properties of Integral Extensions

Integral extensions have several important properties:

They are finitely generated as A-modules.

If B is integral over A, then the prime ideals of A correspond to prime ideals of B.

Integral extensions are integral domains if A is an integral domain.

These properties make integral extensions useful in various applications, especially in algebraic
geometry.

Dimension Theory

Dimension theory is another critical aspect of Matsumura commutative algebra, focusing on the
concept of the dimension of a ring.

Krull Dimension

The Krull dimension of a commutative ring is defined as the supremum of the lengths of all chains of
prime ideals in the ring. This dimension provides insight into the structure of the ring and its ideals.

Height of Prime Ideals

The height of a prime ideal is the length of the longest chain of prime ideals contained in it.
Understanding the heights of prime ideals helps in determining the dimension of the ring.

Localization and Its Importance

Localization is a critical technique in commutative algebra that allows for the study of rings and



their properties in a more refined manner.

Definition and Process of Localization

Localization involves creating a new ring from a given ring by inverting a set of elements. For
example, given a ring A and a multiplicative set S, the localization S^{-1}A consists of fractions a/s
where a is in A and s is in S.

Applications of Localization

Localization is used to:

Study local properties of rings and modules.

Analyze the behavior of rings at particular prime ideals.

Facilitate computations in algebraic geometry.

The ability to focus on local behavior while retaining global insights is a powerful aspect of
Matsumura commutative algebra.

Applications of Matsumura Commutative Algebra

The principles of Matsumura commutative algebra extend far beyond theoretical exploration, finding
applications in several areas:

Algebraic Geometry

In algebraic geometry, commutative algebra provides the language and tools to study varieties. The
correspondence between algebraic sets and ideals enables mathematicians to translate geometric
problems into algebraic terms.

Number Theory

In number theory, many results rely on the properties of rings and their ideals. The study of integral
closures and local rings offers insights into the arithmetic of integers and rational numbers.



Homological Algebra

Homological algebra, which deals with the study of homology and cohomology, utilizes tools from
commutative algebra to investigate complex algebraic structures.

Conclusion

Matsumura commutative algebra serves as a foundational pillar in the landscape of modern
mathematics, bridging the gap between algebra and geometry. The concepts of commutative rings,
ideals, integral extensions, dimension theory, and localization are essential for understanding both
theoretical and applied mathematics. As the field continues to evolve, Matsumura's contributions
remain relevant, inspiring new generations of mathematicians to explore the rich connections
inherent in this vibrant area of study.

Q: What is the significance of Matsumura's work in
commutative algebra?
A: Matsumura's work is significant as it provides foundational concepts and theorems that are
essential for understanding the structure and properties of commutative rings and their applications
in algebraic geometry and number theory.

Q: How does integral extension relate to algebraic geometry?
A: Integral extensions allow mathematicians to study the relationships between rings in a way that
preserves geometric properties, facilitating the analysis of algebraic varieties.

Q: What is the Krull dimension and why is it important?
A: The Krull dimension measures the "size" of a ring in terms of its prime ideals, providing insights
into the ring's structure and the nature of its algebraic solutions.

Q: Can localization change the properties of a ring?
A: Yes, localization can change the properties of a ring, allowing for the study of local behaviors and
simplifying certain algebraic problems.

Q: What role do ideals play in Matsumura commutative
algebra?
A: Ideals are critical in defining the structure of rings, facilitating the study of quotient rings, and
providing a framework for understanding algebraic relationships.



Q: How does Matsumura commutative algebra apply to
number theory?
A: In number theory, Matsumura commutative algebra provides tools for studying rings of integers
and their properties, especially in the context of algebraic number fields.

Q: What are some common applications of localization?
A: Common applications of localization include studying local properties of rings, analyzing behavior
at prime ideals, and simplifying complex algebraic expressions.

Q: How does dimension theory contribute to understanding
algebraic structures?
A: Dimension theory contributes by providing a measure of the complexity of algebraic structures,
allowing mathematicians to classify and compare different rings based on their prime ideals.

Q: What is the connection between commutative algebra and
algebraic geometry?
A: The connection lies in the correspondence between commutative rings and algebraic varieties,
where ideals describe geometric properties and relationships in algebraic geometry.

Q: Why are prime ideals significant in Matsumura
commutative algebra?
A: Prime ideals are significant because they help define the structure of a ring, dictate factorization
properties, and play a crucial role in various algebraic theories.
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prime ideals are also explored. The work is essentially self-contained, the only prerequisite being a
sound knowledge of modern algebra, yet the reader is taken to the frontiers of the subject. Exercises
are provided at the end of each section and solutions or hints to some of them are given at the end of
the book.
  matsumura commutative algebra: Commutative Algebra Hideyuki Matsumura, 1970
  matsumura commutative algebra: Commutative Algebra Alberto Corso, Philippe Gimenez,
Maria Vaz Pinto, Santiago Zarzuela, 2005-08-15 Packed with contributions from international
experts, Commutative Algebra: Geometric, Homological, Combinatorial, and Computational Aspects
features new research results that borrow methods from neighboring fields such as combinatorics,
homological algebra, polyhedral geometry, symbolic computation, and topology. This book consists
of articles pres
  matsumura commutative algebra: Algebraic Geometry and Commutative Algebra Hiroaki
Hijikata, Heisuke Hironaka, Masaki Maruyama, 2014-05-10 Algebraic Geometry and Commutative
Algebra in Honor of Masayoshi Nagata presents a collection of papers on algebraic geometry and
commutative algebra in honor of Masayoshi Nagata for his significant contributions to commutative
algebra. Topics covered range from power series rings and rings of invariants of finite linear groups
to the convolution algebra of distributions on totally disconnected locally compact groups. The
discussion begins with a description of several formulas for enumerating certain types of objects,
which may be tabular arrangements of integers called Young tableaux or some types of monomials.
The next chapter explains how to establish these enumerative formulas, with emphasis on the role
played by transformations of determinantal polynomials and recurrence relations satisfied by them.
The book then turns to several applications of the enumerative formulas and universal identity,
including including enumerative proofs of the straightening law of Doubilet-Rota-Stein and
computations of Hilbert functions of polynomial ideals of certain determinantal loci. Invariant
differentials and quaternion extensions are also examined, along with the moduli of Todorov surfaces
and the classification problem of embedded lines in characteristic p. This monograph will be a useful
resource for practitioners and researchers in algebra and geometry.
  matsumura commutative algebra: Grobner Bases in Commutative Algebra Viviana Ene,
J�rgen Herzog, 2011-12-01 This book provides a concise yet comprehensive and self-contained
introduction to Grobner basis theory and its applications to various current research topics in
commutative algebra. It especially aims to help young researchers become acquainted with
fundamental tools and techniques related to Grobner bases which are used in commutative algebra
and to arouse their interest in exploring further topics such as toric rings, Koszul and Rees algebras,
determinantal ideal theory, binomial edge ideals, and their applications to statistics. The book can be
used for graduate courses and self-study. More than 100 problems will help the readers to better
understand the main theoretical results and will inspire them to further investigate the topics
studied in this book.
  matsumura commutative algebra: A Course in Commutative Algebra Gregor Kemper,
2010-12-02 This textbook offers a thorough, modern introduction into commutative algebra. It is
intented mainly to serve as a guide for a course of one or two semesters, or for self-study. The
carefully selected subject matter concentrates on the concepts and results at the center of the field.
The book maintains a constant view on the natural geometric context, enabling the reader to gain a
deeper understanding of the material. Although it emphasizes theory, three chapters are devoted to
computational aspects. Many illustrative examples and exercises enrich the text.
  matsumura commutative algebra: Commutative Algebra and Noncommutative
Algebraic Geometry David Eisenbud, Srikanth B. Iyengar, Anurag K. Singh, J. Toby Stafford,
Michel Van den Bergh, 2015-11-19 This book surveys fundamental current topics in these two areas
of research, emphasising the lively interaction between them. Volume 1 contains expository papers
ideal for those entering the field.
  matsumura commutative algebra: Combinatorics and Commutative Algebra Richard P.
Stanley, 2007-12-13 Some remarkable connections between commutative algebra and combinatorics



have been discovered in recent years. This book provides an overview of two of the main topics in
this area. The first concerns the solutions of linear equations in nonnegative integers. Applications
are given to the enumeration of integer stochastic matrices (or magic squares), the volume of
polytopes, combinatorial reciprocity theorems, and related results. The second topic deals with the
face ring of a simplicial complex, and includes a proof of the Upper Bound Conjecture for Spheres.
An introductory chapter giving background information in algebra, combinatorics and topology
broadens access to this material for non-specialists. New to this edition is a chapter surveying more
recent work related to face rings, focusing on applications to f-vectors.
  matsumura commutative algebra: Analytic Methods in Commutative Algebra Richard N.
Draper, 1982-04-28
  matsumura commutative algebra: Steps in Commutative Algebra R. Y. Sharp, 2000 This
introductory account of commutative algebra is aimed at advanced undergraduates and first year
graduate students. Assuming only basic abstract algebra, it provides a good foundation in
commutative ring theory, from which the reader can proceed to more advanced works in
commutative algebra and algebraic geometry. The style throughout is rigorous but concrete, with
exercises and examples given within chapters, and hints provided for the more challenging problems
used in the subsequent development. After reminders about basic material on commutative rings,
ideals and modules are extensively discussed, with applications including to canonical forms for
square matrices. The core of the book discusses the fundamental theory of commutative Noetherian
rings. Affine algebras over fields, dimension theory and regular local rings are also treated, and for
this second edition two further chapters, on regular sequences and Cohen-Macaulay rings, have
been added. This book is ideal as a route into commutative algebra.
  matsumura commutative algebra: Commutative Algebra Andrea Ferretti, 2023-09-26 This
book provides an introduction to classical methods in commutative algebra and their applications to
number theory, algebraic geometry, and computational algebra. The use of number theory as a
motivating theme throughout the book provides a rich and interesting context for the material
covered. In addition, many results are reinterpreted from a geometric perspective, providing further
insight and motivation for the study of commutative algebra. The content covers the classical theory
of Noetherian rings, including primary decomposition and dimension theory, topological methods
such as completions, computational techniques, local methods and multiplicity theory, as well as
some topics of a more arithmetic nature, including the theory of Dedekind rings, lattice embeddings,
and Witt vectors. Homological methods appear in the author's sequel, Homological Methods in
Commutative Algebra. Overall, this book is an excellent resource for advanced undergraduates and
beginning graduate students in algebra or number theory. It is also suitable for students in
neighboring fields such as algebraic geometry who wish to develop a strong foundation in
commutative algebra. Some parts of the book may be useful to supplement undergraduate courses in
number theory, computational algebra or algebraic geometry. The clear and detailed presentation,
the inclusion of computational techniques and arithmetic topics, and the numerous exercises make it
a valuable addition to any library.
  matsumura commutative algebra: Trends in Commutative Algebra Luchezar L. Avramov,
2004-12-13 This book describes the interaction of commutative algebra with other areas of
mathematics, including algebraic geometry, group cohomology, and combinatorics.
  matsumura commutative algebra: Commutative Algebra Aron Simis, 2023-08-07 The primary
audience for this book is students and the young researchers interested in the core of the discipline.
Commutative algebra is by and large a self-contained discipline, which makes it quite dry for the
beginner with a basic training in elementary algebra and calculus. A stable mathematical discipline
such as this enshrines a vital number of topics to be learned at an early stage, more or less
universally accepted and practiced. Naturally, authors tend to turn these topics into an increasingly
short and elegant list of basic facts of the theory. So, the shorter the better. However, there is a
subtle watershed between elegance and usefulness, especially if the target is the beginner. From my
experience throughout years of teaching, elegance and terseness do not do it, except much later in



the carrier. To become useful, the material ought to carry quite a bit of motivation through
justification and usefulness pointers. On the other hand, it is difficult to contemplate these teaching
devices in the writing of a short book. I have divided the material in three parts. starting with more
elementary sections, then carrying an intermezzo on more difficult themes to make up for a smooth
crescendo with additional tools and, finally, the more advanced part, versing on a reasonable chunk
of present-day steering of commutative algebra. Historic notes at the end of each chapter provide
insight into the original sources and background information on a particular subject or theorem.
Exercises are provided and propose problems that apply the theory to solve concrete questions (yes,
with concrete polynomials, and so forth).
  matsumura commutative algebra: Ideal Theoretic Methods in Commutative Algebra Daniel
Anderson, Ira J. Patrick, 2019-05-07 Includes current work of 38 renowned contributors that details
the diversity of thought in the fields of commutative algebra and multiplicative ideal theory.
Summarizes recent findings on classes of going-down domains and the going-down property,
emphasizing new characterizations and applications, as well as generalizations for commutative
rings wi
  matsumura commutative algebra: Advances in Commutative Ring Theory David Dobbs,
2023-08-25 Presents the proceedings of the recently held Third International Conference on
Commutative Ring Theory in Fez, Morocco. Details the latest developments in commutative algebra
and related areas-featuring 26 original research articles and six survey articles on fundamental
topics of current interest. Examines wide-ranging developments in commutative algebra, together
with connections to algebraic number theory and algebraic geometry.
  matsumura commutative algebra: Cohomology Rings of Finite Groups Jon F. Carlson, L.
Townsley, Luís Valero-Elizondo, Mucheng Zhang, 2013-04-17 Group cohomology has a rich history
that goes back a century or more. Its origins are rooted in investigations of group theory and num
ber theory, and it grew into an integral component of algebraic topology. In the last thirty years,
group cohomology has developed a powerful con nection with finite group representations. Unlike
the early applications which were primarily concerned with cohomology in low degrees, the in
teractions with representation theory involve cohomology rings and the geometry of spectra over
these rings. It is this connection to represen tation theory that we take as our primary motivation for
this book. The book consists of two separate pieces. Chronologically, the first part was the computer
calculations of the mod-2 cohomology rings of the groups whose orders divide 64. The ideas and the
programs for the calculations were developed over the last 10 years. Several new features were
added over the course of that time. We had originally planned to include only a brief introduction to
the calculations. However, we were persuaded to produce a more substantial text that would include
in greater detail the concepts that are the subject of the calculations and are the source of some of
the motivating conjectures for the com putations. We have gathered together many of the results
and ideas that are the focus of the calculations from throughout the mathematical literature.
  matsumura commutative algebra: Algebraic Structures and Their Representations José
Antonio de la Peña, Ernesto Vallejo, Natig M. Atakishiyev, 2005 The Latin-American conference on
algebra, the XV Coloquio Latinoamericano de Algebra (Cocoyoc, Mexico), consisted of plenary
sessions of general interest and special sessions on algebraic combinatorics, associative rings,
cohomology of rings and algebras, commutative algebra, group representations, Hopf algebras,
number theory, quantum groups, and representation theory of algebras. This proceedings volume
contains original research papers related to talks at the colloquium. In addition, there are several
surveys presenting important topics to a broad mathematical audience. There are also two invited
papers by Raymundo Bautista and Roberto Martinez, founders of the Mexican school of
representation theory of algebras. The book is suitable for graduate students and researchers
interested in algebra.
  matsumura commutative algebra: Rings, Monoids and Module Theory Ayman Badawi, Jim
Coykendall, 2022-03-11 This book contains select papers on rings, monoids and module theory which
are presented at the 3rd International Conference on Mathematics and Statistics (AUS-ICMS 2020)



held at the American University of Sharjah, United Arab Emirates, from 6–9 February 2020. This
conference was held in honour of the work of the distinguished algebraist Daniel D. Anderson. Many
participants and colleagues from around the world felt it appropriate to acknowledge his broad and
sweeping contributions to research in algebra by writing an edited volume in his honor. The topics
covered are, inevitably, a cross-section of the vast expansion of modern algebra. The book is divided
into two sections—surveys and recent research developments—with each section hopefully offering
symbiotic utility to the reader. The book contains a balanced mix of survey papers, which will enable
expert and non-expert alike to get a good overview of developments across a range of areas of
algebra. The book is expected to be of interest to both beginning graduate students and experienced
researchers.
  matsumura commutative algebra: Integral Closure Wolmer Vasconcelos, 2005-05-23 This
book gives an account of theoretical and algorithmic developments on the integral closure of
algebraic structures. It gives a comprehensive treatment of Rees algebras and multiplicity theory
while pointing to applications in many other problem areas. Its main goal is to provide complexity
estimates by tracking numerically invariants of the structures that may occur.
  matsumura commutative algebra: Modular Forms and Galois Cohomology Haruzo Hida,
2000-06-29 Comprehensive account of recent developments in arithmetic theory of modular forms,
for graduates and researchers.
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